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Abstract
We presernt a study of gravitational radiation emanating from a system of com-
pact objects using the asymptotic structure corresponding to the isolated system.
We solve the problem of gauge and make use of the notion of cernter of massframe
at future null in nit .
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1 INTR ODUCTION

1 Intro duction

1.1 The binary pulsar PSR B1913+16

Thirt y yearsago, in 1975 Hulse and Taylor discovered the binary pulsar[HT75] PSR
B1913+16. Thirteen yearsago, in 1992, we have the opportunity to attend a talk by
J.H. Taylor[GKM93], when we organizedthe GR13 Conference,of the updated data
of the obsenations. In 1993,the Nobel Prize in Physicswas awarded to RussellHulse

and JosephTaylor for their discovery.

This system provided the rst casein which one could test the loss of energy due to
gravitational radiation.

Relativistic e ects of this system include the mean rate of advance of periastron,
gravitational redshift and time-dilatation parameter, and orbital period derivative.
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1.1 The binary pulsar PSR B1913+16 1 INTRODUCTION
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Figure 1. Orbital decay of PSR B1913+16. The data points indicate the
obsened changein the epoch of periastron with date while the parabola il-
lustrates the theoretically expected change in epoch for a system emitting
gravitational radiation, accordingto generalrelativit y[WTO04].
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1.1 The binary pulsar PSR B1913+16 1 INTRODUCTION

250 Million ¥ ears

Figure 2: The orbit of the pulsar is shrinking with time. The two stars should
mergein about 300 million yearsfrom now.
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1.2 Detectors of gravitational waves 1 INTR ODUCTION

1.2 Detectors of gravitational waves
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Figure 3. Today there are se\eral detectorsaround the world. Somestill under
construction. Among the interferometric detectorsthere is the German-British
GEO with 600m arm-length near Hannover; the US LIGO with two detectors
In Hanford and Livingston with 4km arm-length ead, the JapaneseTAMA
near Tokyo with 300m arm-length and the French-ltalian VIR GO near Pisa
with 3km arm-length. There are seweral bar detectorsin operationa. There is
also the project LISA for an interferometric satelite detector.
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Figure 5: The US LIGO detector in Livingston with 4km arm-length.
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Figure 6. The interior of the French-Italian VIR GO detector near Pisa with
3km arm-length.
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1.2 Detectors of gravitational waves 1 INTR ODUCTION
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Figure 7: The LISA project for an interferometric satelite detector to be
launched in 2012.
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1.3 Gravitational radiation is de ned in isolated systems 1 INTR ODUCTION

1.3 Gravitational radiation Is de ned In isolated systems

Unlesswe are dealing with symmetric solutions, like plane waves, gravitational radi-
ation can only be given a meaningful de nition when one is observing the system at

very large distancesfrom the concerration of masses.More precisely since gravita-
tional wavestravel along null directions, it was constructed in the past the notion of
future null in nit y, with the intention, among other things, to describe the radiation

elds.
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1.3 Gravitational radiation is de ned in isolated systems 1 INTR ODUCTION
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Figure 8: Spacetimediagram of the time ewolution of an isolated system.
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1.4 The notation 1 INTR ODUCTION

From a formal point of view, the real physical system consisting of compact objects
that radiate gravitational waves,is modeled, in a relativistic theory of gravitation, by
what is called an asymptotic ally at spacetime at futur e nul | In nity

Imp osingthe vacuum Einstein equationsto thesespacetimes,provides a set of asymp-
totic conditions that constitute the structur e equations of an asymptotic ally at
spacetime .

1.4 The notation

Sincewe study the gravitational elds in the asymptotic region along null directions,
It is useful to describe the geometry in terms of a null tetrad formalism; which hasa
oneto onerelation with a spinor dyad formalism.

One of the null vectorsis taken asthe generator of null geadesicsreading future null
In nit y. And another turns out to be asymptotically tangert to null in nit v.

In this way the metric is expressedn terms of the null tetrad

Ob = alNpt Na p MaMp MaMmp;
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1.4 The notation 1 INTR ODUCTION

which in terms of coordinates (u;r; ; ) can be represened as

()
()

()

@° i @ °
_@+U@+X@ ()

where the index | = 2; 3, the complex stereographiccoordinate is = i(x2 + i x3);
and where we have alsoindicated the relation betweenthe null tetrad vectors and the
spinor dyad (o*; B).

Then the connectionis speci ed[GHP73] in terms the so called spin coe cien ts:

o 0 0 0 010, (6)
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2 THE PROBLEM OF GAUGE

while the curvature is expressedn terms of the spinor complex componerts:
Ricci ( 00y o1, 11; o027 12, 227 ) (7)
W eyl (o, 1 20 35 4): (8)

Sincein our casewe are interested in vacuum solutions of the Einstein equations, all
the componerts of the Ricci tensor vanish.

2 The problem of gauge

Since we are dealing with asymptotically at spacetimes,the curvature goesto zero
as one approadies null in nit y. The asymptotic symmetry group howewver is not the
10-dimensionalPoincare group (that one nds in Mink owski spacetime)but the com-
plicated 1 -dimensional BMS (Bondi-Metzner-Sads) group[BvdBM62, Sac62].

This hasasa consequencéhe gaugeproblem, sinceunder thesecircumstancesone has
an 1 -parameter family of legitimate rest frames. Therefore in order to calculate, let
us say, the quadrupole radiation formula, oneshould settle rst the frame of reference.
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2 THE PROBLEM OF GAUGE

space space

Figure 9: Gauge green seen Figure 10: Gauge red seen
from the point of view of gauge from the point of view of gauge
red. green.

The greensection is supertranslated with respect to the red one. There is a one to
onerelation betweensectionsand frames of reference.Relativit y here meansthat it is
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2 THE PROBLEM OF GAUGE

equivalent to describe the systemwith respect to the red frame or to the greenframe.

We have solved this problem with the construction of a preferred set of sections at
future null in nit y, the so called nic e sections [Mor88, MD98, DMO0O] and also with
the de nition ofintrinsic angular momentum and center of mass[Mor00, Mor02,
Mor04] of an isolated system.

Nice sections capture the notion of rest frames. In special relativit y one says that
a rest frame is one in which the system is at rest; or equivalently, the momertum
vector has only timelik e componerts. In generalrelativit y the Bondi momertum, on
a section S at future null in nit y, can be given by

1 i 1
(P9) = Poo; BT_S(P“ P 1);19—(—5(P11+ P1. 1);P—§F’10 ; (9)

wherea= 0;1:2:3 and
Z

Pn(S)= Pa= Mim( )(u=0 ; )ds? (10

where dS? is the surface elemen of the unit sphereon S, Y, are the spherical har-
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2 THE PROBLEM OF GAUGE

monics, the scalar is given by
>+ 00t 0° o (11)
0

where 5 is the leading order term in the asymptotic expansionof the Weyl spinor
componert 5, o is the leading order of the Bondi shear, where we are using g to
denote the GHP[GHP73] edth operator of the unit sphere,and where a dot means
partial derivative with respect to the retarded time u.

The section S is said to be a nice section if when one calculatesthe supermomertum

(10) all spacelike componerts are zero;that isP,,, = Oforl; 1. We have provedthat
there exist a four parameter family of nice sectionswith expected physical properties.

Having the notion of rest frames one can de ne the cernter of masssection from the

knowledgeof angular momertum. The angular momertum canbede ned from[Mor04]
Z

Qs., (W) = 4 W, $9+200 0+0( 0 o)
Scm , (12)

+ 2w, 8+ o_g'l'gzo dSz+C:C:

where w is an auxiliary eld. The center of massis attained when the spacelike
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S ASYMPIOTIC STRUCITURE OF RADIATING SFACETIMES IN A
GENERAL FRAME

translation freedomis usedto make the total angular momertum coincide with the
Intrinsic angular momertum.

By requesting the sectionsto be center of masssectionsone singlesout a unique one
parameter family of sections.

Solving the gaugeproblem is alsouseful in formulating quantizations of gravit y[cek0(
In the framework of asymptotic elds.

3 Asymptotic structure of radiating spacetimes In
a general frame

The di erent set of geometric equations provide relations amongthe elds.

In particular, assumingvacuum Einstein equations and an asymptotic expansionfor

o Of the form

00 01
0= 5 + 6 ; (13)




S ASYMPIOTIC STRUCITURE OF RADIATING SFACETIMES IN A
GENERAL FRAME

one can integrate all the equations involving r-derivatives. Then, from the vacuum
Bianchi identities one can obtain ewolution equationsfor the initial data:

(<( 20); 10, o00; o01; 02; 03); (14)

where < meansreal part, ;9 and 1o are the leading order behavior of , and 1
respectively. These equations can in principle be solved if the leading order of s
known, along with an auxiliary function V (u; ; ); which hasthe information of the

set of sectionsbeing used. In our case,we usethe certer of masssections, mertioned
previously, which de ne the intrinsic retarded time ; then V hasthe information

@
where ug IS a Bondi retarded time. In other words, V has the information of the
sectionswith respect to an inertial referenceframe.

In the presenceof gravitational radiation, the ewlution equations of the asymptotic
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S ASYMPIOTIC STRUCITURE OF RADIATING SFACETIMES IN A
GENERAL FRAME

elds, up to the 16-pole term, are
@ 20 _

20V Y49y ( 30)+ a0

w

@|®®\@®|@@\@@|@

@ 10
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where now
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S ASYMPIOTIC STRUCITURE OF RADIATING SFACETIMES IN A
GENERAL FRAME

1

0_ :
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oKV

2 2
Ky = — V. —ogvVaoyV + Ve
v =y dvov vz vV 9v
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4 UsSEOF THE ASYMPITOTIC SITRUCITURE IN THE HEAD-ON BLACK
HOLE COLLISION WITH DIFFERENT MASSES

4 Use of the asymptotic structure In the head-on
black hole collision with dieren t masses

alculation of exac
estimate; beta=0.
timate; beta=0.25
—_——— estimate; beta=0.50
energy estimate; beta=0.75
total energy estimate; beta=1.00

—/— particle limit calculation
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Figure 11: Data points of exact geometry of Anninos and Brandt and our
estimatesfor the valuesof = 0:25, 0:50, 0:75 and 1: also our estimates for
= 0:01, and the particle limit calculation of Lousto and Price.
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o USEOF THE ASYMPTOTIC STRUCTURE IN THE COLLISION OF TWO
BLACK HOLES WITH ORBITAL ANGULAR MOMENTUM

5 Use of the asymptotic structure Iin the collision of
two black holes with orbital angular momen tum

Vi

m
2

Figure 12: This graph shows the initial conditions; where the separation is
drawn In terms of the magnitude of the masses. The initial velocities are
0.5c; the x separation is 10m; the y separation is 2m; where one is using

m; = M, = m.

The numerical calculation of the ewolution of the gravitational radiation eld 4, Is
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o USEOF THE ASYMPTOTIC STRUCTURE IN THE COLLISION OF TWO
BLACK HOLES WITH ORBITAL ANGULAR MOMENTUM

showvn in gure 13.

It can be seenthat although the total energyradiated is rather small, the amplitude
of the gravitational radiation eld can be large. In other words, this model describes
a noticeable burst.

This is interesting since 4 Is preciselywhat gravitational wave detectorswill measure.
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o USEOF THE ASYMPTOTIC STRUCTURE IN THE COLLISION OF TWO
BLACK HOLES WITH ORBITAL ANGULAR MOMENTUM

Figure 13: Evolution of 4 asafunction of time. The subscript x refersto the
X axis of the stereographiccoordinate = x + 1y of the northern hemisphere.
Each of the four curvesrefer to detectorsat 0 , 30, 60 and 90 ; measured
from the north pole of the sphere. The insetsshow the detail of the rapid time

variations at the beginning.
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6 THE GENERAL PROBLEM OF A BINARY

6 The general problem of a binary

6.1 Radiation strength

Expansion of a radiating spacetime in terms of the strength of the radiation (The
expansion)

One important aspect of generalrelativit y is that for many interesting astrophysical
systemsthe gravitational energyradiated is weak.

Also most of the di culties that arise at future null in nit y in the construction of ap-
propriate referenceframes[MD98]comesfrom the presenceof gravitational radiation.

It Is therefore tempting to expand the structure equations of an asymptotically at
spacetimein terms of the strength of the gravitational radiation.

In a Bondi system the gravitational energy ux can be given in terms of the time
derivative of the shear,namely

—= B -B- (26)
We will usethe smallnessparameter and assignto the ux the order O( 2).
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6.1 Radiation strength 6 THE GENERAL PROBLEM OF A BINARY

Every eld at scri will be expandedas a serieswith di erent powers of ; that is for
a eld f(u; ; ) wewill write

f(u; 5 )="Fo(; )+ fa(u 5 )+ “fa(u; 5 )+ O( 3):

The ideais to carry out this expansionon the certer of massframe' de ned in terms
of "nice sections'.

It Is important to realizethat if we call the supertranslation, from a referenceBondi
section, that satis es the nice section equation, then the scalar V appearing above
would berelated to by

V= _: (27)

but from the nice section equation one can seethat actually = O( 2)if = 0Oisa
nice section. This implies that the certer of massfamily of sectionscoincide with the
initial Bondi frame up to order O( ).

It is also deducedthat

V=1+ 2V(u; ; )+ O( ?):
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6.1 Radiation strength 6 THE GENERAL PROBLEM OF A BINARY

Let us also note that
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6.2 The post-linear expansion 6 THE GENERAL PROBLEM OF A BINARY

6.2 The post-linear expansion

(The -expansion)
Considertwo very separatedcompact objects with non-relativistic relative velocities.

Then in rst order, in the asymptotic region, they will contribute to the geometry
with a superposition of two Schwarzsdild geometries.

More precisely let represern a small parameter which one can think to be propor-
tional to the gravitational constart; then for ead asymptotic eld f, onecan make a

double expansionof the form
X o
f= fiot fi;j ; (32)

1=2 ;] =1
wherethe rst term hasinformation of the linear solution.

It Is generally assumedin this expansionthat

@Déln) _ O( n+1);

with just few exceptionsto this rule.
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6.3 Individual contributions 6 THE GENERAL PROBLEM OF A BINARY

6.3 Individual contributions

To rst orderin , data for eath compactobject a' contributes with individual terms;
for instance, for the massaspect one has

20a = Ma; (34)
where m, is the massof the object 'a' and where the expressionis in terms of its

Intrinsic comoving frame; which dependson its time .

For compact objects with no additional structure; that is, no intrinsic angular mo-
mentum or multip ole structure; onetakes 195 = 0and ggq = O.

In terms of the cernter of mass frame, one needsto transform these elds by the
corresponding translation and boost. Let y,( ;) be sud translation of the compact
object ‘a’; and let us usetilde to denotethe elds for the certer of massframe.

The relation betweena regular dyad (6* ;™) at future null in nit y, ass@iated to the
frame which de nes de retarded time &, and another one (6* ;™) assaiated to the
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6.3 Individual contributions 6 THE GENERAL PROBLEM OF A BINARY

frame which de nes de retarded time , with the relation ov= ( ; ; ) IS given by

& o T~ (35)

2k (36)

wherewe are using _ €.

@
Using = vV, andV, 2=, oneobtains from theseequations:

@a

~ _ 20a .
20a — VaS ’ (37)

T10a = 391/;3/81 20a; (38)
a

2
T00a = 6(9\@;&) 20a’ (39)
a

The total rst orderin Weyl componerts, in the certer of massframe, come from
the sum of terms like thesefor eadh compact object.
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7/ SUMMARIZING

/  Summarizing

In our study of the asymptotic structure we make use of:
expansionin terms of the strength of the radiation eld (The expansion.)
post-linear expansion(The expansion.)
nite  multip olar expansion

this provides with a model for an isolated system consisting of compact objects; and
also provides with the necessarylink betweenthe free radiation data at future null
In nit y and the sources.

We nd it convenien to alsomodel the dynamicsof the compact objects in the interior
of the spacetime. By imposing the consenation laws of the asymptotic structure
equations one obtains constraints and back reaction on the equation of motion of the
sources.

In particular we have seenthat in the model in which one disregardsthe radiation
eld, the constraints imposedby the asymptotic structure equationson the equations
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7/ SUMMARIZING

of motion of the sources,are only compatible with motion corntained alonga xed line.

Also, using a 16-pole approximation, in order 2 and , onecan prove that the radi-
ation shear eld is given by

g &
= . 4
3Py (40)

where J corntains information on the angular momertum, Q on the quadrupole struc-

ture and Py on the momert of the sources. This constitutes the order quadrupole
radiation formula.

Intro ducing badk this value of in the rst two equationsone obtains the rst order
badk reaction for the massaspect and angular momertum aspect.

In future work we plan to setthe equations necessaryto describe a binary systemup
to secondorder In
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